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– Structured Variational Autoencoders (SVAE)



The Hodgkin-Huxley Model
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The Hodgkin-Huxley Model



Hochbaum et al (2014)

Application: Smoothing voltage imaging data



Application: Smoothing voltage imaging data

5 ms0 ms 10 ms 15 ms 20 ms

Voltage imaging data is noisy and relatively slow. Rather than simply interpolating,  
we can use the Hodgkin-Huxley model to smooth it.



Application: Smoothing voltage imaging data



Application: Low-dimensional dynamics of 
neural population activity

Shenoy Lab, Stanford
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Application: Low-dimensional dynamics of 
neural population activity



Churchland et al (2012) Kato et al (2015)

Application: Low-dimensional dynamics of 
neural population activity



Application: Predicting seizure onset in EEG data

Davis et al (2016)

• EEG dynamics change in 
characteristic ways at the onset of a 
seizure.

• State space models detect seizures 
seconds ahead of unequivocal 
epileptic activity.

• Better predictions could improve real 
time by anti-epileptic devices.



Application: Segmenting behavioral videos with AR-
HMMs

random
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time
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top principal
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Wiltschko et al. (2015)

behavioral
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Application: Segmenting behavioral video into “syllables”



Application: Segmenting behavioral video into “syllables”

rear up

down and dart run forward grooming

get out!scrunch
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State Space Models (SSM’s)
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Anatomy of a state space model

xt xt+1. . . . . .x1 xT

yTyt+1yty1

latent 
states

observations

= latent = observed = dependency

1. Dynamics:
evolution of latent state

2. Observation model:
connecting states and neural observations

<latexit sha1_base64="lJsZkcKAMpFSBrM3DKWAvBjX77Q="></latexit>

xt ⇠ p(xt | xt�1)
<latexit sha1_base64="j9NwCrQhyAGIp+Q0rcSifC4d+Ko="></latexit>

yt ⇠ p(yt | xt)



Extensions: Exogenous inputs

xt xt+1. . . . . .x1 xT

yTyt+1yty1

latent 
states

observations

exogenous
inputs

ut
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= latent = observed = dependency



Extensions: Non-Markovian dynamics

latent 
states

observations

= latent = observed = dependency

xt xt+1. . . . . .x1 xT

yTyt+1yty1



Design decisions

‣ Type of states and observations:
- Discrete, continuous, mixed?
‣ Class of observation and dynamics functions:

- Linear vs nonlinear? Any constraints?
‣ Noise distributions:

- Gaussian, Poisson, heavy-tailed, over-
dispersed?

‣ Discrete vs continuous time:
‣ Prior distributions; parameter sharing?
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Continuous
Linear

Counts
Generalized Linear Nonlinear observation models

Discrete
Linear

HMM
Rabiner (1989)

HMM
Rabiner (1989)

Structured VAE
Johnson et al (2016)

Continuous
Linear

LDS
Kalman (1960)

Poisson LDS
Smith and Brown (2003), Paninski 

et al (2010), Macke et al (2011)

Deep PfLDS
Archer et al (2016), Gao et al (2016) 

Mixed
Switching Linear

SLDS
Ghahramani and Hinton (1996)

Murphy (1998)

Poisson SLDS
Petreska et al (2013)

Structured VAE
Johnson et al (2016)

Mixed
Recurrent Linear

recurrent/augmented SLDS
Barber (2006);  Pachitariu et al 
(2014); Linderman et al (2017); 

Nassar et al (2019)

rSLDS
Linderman et al (2017)

Nassar et al (2019)
Zoltowski et al (2020)

Structured VAE
Johnson et al (2016)

Continuous
Nonlinear (parametric)

NLDS, e.g. Hodgkin-Huxley
Ahrens, Huys, Paninski (2006)

Huys and Paninski (2009)

NLDS, e.g. Hodgkin-Huxley
Meng, Kramer, Eden (2011)

GPSSM, DKF, LFADS, VIND
Frigola et al (2013) , Krishnan et al 

(2015), Sussillo et al (2016), Hernandez 
et al (2018), Pandarinath et al (2018)

Continuous
Nonlinear (smoothing)

GPFA
Yu, Cunningham, et al (2009)

vLGP
Zhao and Park (2017)

GPLVM
Wu et al (2017)

Continuous
Nonlinear 

(nonparametric)

GPSSM, DKF, LFADS, VIND
Frigola et al (2013) , Krishnan et al 

(2015), Sussillo et al (2016), 
Hernandez et al (2018) 

GPSSM, DKF, LFADS, VIND
Frigola et al (2013) , Krishnan et al 

(2015), Sussillo et al (2016), 
Hernandez et al (2018) 

GPSSM, DKF, LFADS, VIND
Frigola et al (2013) , Krishnan et al 

(2015), Sussillo et al (2016), Hernandez 
et al (2018), Pandarinath et al (2018)

Taxonomy of state space models



Hidden Markov Models
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Behavioral “Syllables”

rear up

down and dart run forward grooming

get out!scrunch



Hidden Markov Models

Dynamics:
transition matrix

Observation model:
different parameters for each discrete state
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⇠ N
 !

yt

,

Rzt
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

dzt
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

discrete 
states

neural 
observations

. . . . . .

yTyt+1yty1

<latexit sha1_base64="ikzi6YRz8zRNydAzPBPL8udRcSs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7G6GG/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+p5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+ien53Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wcRqo2r</latexit>z1
<latexit sha1_base64="gw1FBMxL7QJWopl7GmYUgkrs5M8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E6GG/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VMPe+WKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1buont+dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AF3No3u</latexit>zt

<latexit sha1_base64="yPeLDQN0fLiGnufZV/Bynxgu4Gk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Vko9q</latexit>zt+1
<latexit sha1_base64="P3HISCx0+m4giF2hU08afcR2qLE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKTVtoQ9lsp+3SzSbsboQa+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqeNUMfRZLGLVDqlGwSX6hhuB7UQhjUKBrXB8N/Nbj6g0j2XDTBIMIjqUfMAZNVbyn3pZY9orV9yqOwdZJV5OKpCj3it/dfsxSyOUhgmqdcdzExNkVBnOBE5L3VRjQtmYDrFjqaQR6iCbHzslZ1bpk0GsbElD5urviYxGWk+i0HZG1Iz0sjcT//M6qRncBBmXSWpQssWiQSqIicnsc9LnCpkRE0soU9zeStiIKsqMzadkQ/CWX14lzYuqd1W9fLis1G7zOIpwAqdwDh5cQw3uoQ4+MODwDK/w5kjnxXl3PhatBSefOYY/cD5/AAuCjto=</latexit>zT

<latexit sha1_base64="E5oEEDzDBVdcrC1XwchFo0WmgT0=">AAACHHicbVDLSgMxFM34rPVVdekmWARFKDNa1GWxG5cVbCt0hiGTSTWYTIbkjtAO8yFu/BU3LhRx40Lwb0wfC18HAodzzuXmnigV3IDrfjozs3PzC4ulpfLyyuraemVjs2NUpilrUyWUvoqIYYInrA0cBLtKNSMyEqwb3TZHfveOacNVcgmDlAWSXCe8zykBK4WVo2GYw4FXYF/yGA9DwL7hEvsqZZqA0gmRLG8SKPb8lIe5DRT7YaXq1twx8F/iTUkVTdEKK+9+rGgmWQJUEGN6nptCkBMNnApWlP3MsJTQW3LNepaOdpogHx9X4F2rxLivtH0J4LH6fSIn0piBjGxSErgxv72R+J/Xy6B/GuQ8STNgCZ0s6mcCg8KjpnDMNaMgBpYQqrn9K6Y3RBMKts+yLcH7ffJf0jmsece1+kW92jib1lFC22gH7SEPnaAGOkct1EYU3aNH9IxenAfnyXl13ibRGWc6s4V+wPn4AgWfof4=</latexit>

zt+1 | zt ⇠ Cat(⇡zt)
<latexit sha1_base64="ZTg7a9xmU4HW8tW2IFRzTqUn2nk="></latexit>

yt ⇠ p(yt; ✓zt)



Visualizing discrete dynamics
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Visualization of a Gaussian HMM



HMMs for characterizing the spatiotemporal structure of SWRs

Krause & Drugowitsch (2022)
Linderman (2022)



HMM-GLMs for characterizing behavior

Calhoun et al (2019)
Stone et al (2022)

Ashwood et al (2022)

Drosophila courtship Perceptual decision making



Linear Dynamical Systems



Linear dynamical systems - continuous, sequential latents

xt xt+1. . . . . .x1 xT

yTyt+1yty1

continuous
states

observations

Dynamics:
Linear, Gaussian

Observation model:
Generalized Linear

A b

⇠ N
 xt+1 xt

+

!
,
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⇠ N
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xt+1 | xt ⇠ N (Axt + b,Q)
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yt | xt ⇠ P(f(Cxt +D))



Visualizing a Gaussian LDS



For spiking data data: spike count observations
<latexit sha1_base64="2LcL0xPC1MAA8C0LiO2eCUTtfew="></latexit>

yt | xt ⇠ Poisson(exp(Cxt +D))



Linear dynamical systems can’t do all that much…



Beyond linear dynamics

dx

dt
=

2

4
↵(x2 � x1)

x1(� � x3)� x2

x1x2 � �x3

3

5

Lorenz Attractor Fitzhugh-Nagumo Model

dx

dt
=


x1 � x3

1 � x2

⌧�1(x1 + a� bx2)

�
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Application: Smoothing voltage imaging data



A Taxonomy of state space models

Continuous
Linear

Gaussian

Discrete
(Gen.) Linear
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Discrete
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Categorical

HMM
Rabiner (1989)
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Linear

Gaussian
LDS

Kalman (1960)

Poisson LDS
Smith and Brown (2003)

Paninski et al (2010)
Macke et al (2011)
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Huys and Paninski (2009)
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Meng, Kramer, Eden (2011)
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Learning nonlinear dynamical systems

• Specify a class of nonlinear 
functions, e.g. those parameterized 
by weights of a neural network or by 
a Gaussian process.

• Challenges:
– How to choose a good function 

class?
– How to fit with limited data?
– How to interpret dynamics?

• More to come in Part II, but first…
Pandarinath et al (2018)



Linear dynamical systems can’t do all that much…



Switching linear dynamical systems (SLDS)

Continuous 
Latent States

Observations

Discrete
Latent States

xt xt+1. . . . . .x1 xT

yTyt+1yty1

. . . . . . zTzt+1ztz1

Dynamics: Observation model:

<latexit sha1_base64="LmLvMYO6v4TmuZ51zsPW9b/ZjxM="></latexit>

zt+1 | zt ⇠ Cat(⇡zt)

xt+1 | xt, zt ⇠ N (Aztxt + bzt , Qzt)
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yt | xt ⇠ P(f(Cxt +D))



SLDS can approximate nonlinear dynamical systems



Continuous Latent
State Dynamics ⇠ N
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Discrete Latent
State Dynamics

Observation
Model ⇠ N
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Specifying the form of the dependencies



A Taxonomy of state space models

Continuous
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Discrete
(Gen.) Linear

Bernoulli/Poisson/etc.

Discrete
Markovian
Categorical

HMM
Rabiner (1989)

HMM
Rabiner (1989)

Continuous
Linear

Gaussian
LDS

Kalman (1960)

Poisson LDS
Smith and Brown (2003), Paninski et al 

(2010)
Macke et al (2011)

Continuous
Nonlinear (parametric)

Gaussian

NLDS, e.g. Hodgkin-Huxley
Ahrens, Huys, Paninski (2006)

Huys and Paninski (2009)

NLDS, e.g. Hodgkin-Huxley
Meng, Kramer, Eden (2011)

Mixed
Switching Linear

SLDS
Ghahramani and Hinton (1996)

Murphy (1998)

Poisson SLDS
Petreska et al (2013)
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Problem: SLDS don’t know when to switch!



Smarter switching with “Recurrent” SLDS

continuous 
latent states

observed
neural activity

(∆F/F0)

parameters

discrete
latent states

xt xt+1. . . . . .x1 xT

yTyt+1yty1

. . . . . . zTzt+1ztz1

⇥

Barber (2006)
Linderman et al. (2017)

Nassar et al. (2019)



Recurrent dependencies carve up continuous 
space into regions with different dynamics

Barber (2006)
Linderman et al. (2017)

Nassar et al. (2019)



Recurrent switching linear dynamical systems
True Dynamics Inferred Dynamics

SLDS Generated States rSLDS Generated States



A Taxonomy of state space models

Continuous
Linear

Gaussian

Discrete
(Gen.) Linear

Bernoulli/Poisson/etc.

Discrete
Markovian
Categorical

HMM
Rabiner (1989)

HMM
Rabiner (1989)

Continuous
Linear

Gaussian

LDS
Kalman (1960)
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Smith and Brown (2003), Paninski et al 

(2010)
Macke et al (2011)
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Gaussian
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Switching Linear
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Murphy (1998)
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Linderman et al (2017)

Nassar et al (2019)
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Hierarchical model uncovering states of worm dynamics

Linderman et al (2019)



Interactions between brain-regions with multi-region rSLDS

Glaser et al (2020)



Unifying and generalizing neural dynamics during decision-making

Zoltowski et al (2020)

Multi-dimensional Collapsing boundaries Trial history effects

Urai et al., 2019

Variable lower boundary 

Gold and Shadlen, 2007 
Churchland et al., 2008  

Drugowitsch et al., 2012 
Hawkins et al., 2015

Roitman and Shadlen; 2002 
Gold and Shadlen; 2007

time

?
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Bayesian Learning and Inference Challenges
Simpler model,
same problem:

latent
variables

observeddata

parameters ⇥

z

y

Evaluate posterior expectations of interest:
• Expected latent states (smoothing):

• Probability of being in a discrete state (smoothing):

• Second moments (covariances):

• Expected observations (reconstruction):

• Future observations (prediction):

• Expected log joint probability:

Ep(z|y;⇥) [zt]
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⇥
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Ep(z|y;⇥) [log p(z, y;⇥
0)]
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Learning Goal: find parameters
that maximize marginal likelihood:

⇥? = argmax p(y;⇥)

= argmax

Z
p(y, z;⇥) dz
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Inference Goal: approximate the 
posterior distribution of latent variables:

Ep(z|y;⇥) [g(zt)]
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Methods of approximate Bayesian inference
Sequential Monte Carlo 

Markov Chain Monte Carlo Variational InferenceExact Inference Laplace Approximation



Exact Inference: The algebraic way
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. . . . . .

*Once we have the marginal likelihood, we can derive similar algorithms to compute expectations of interest.



Exact Inference: The graphical way
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Exact Inference: The graphical way



Message passing in chain-structured graphs

In “chain graphs,” the message passing recursion is:

Few models admit closed form solutions.

The notable exception: linear Gaussian dynamics and observations.  

I.e. the Kalman filter.

↵(xt+1; y1:t) =

Z
↵(xt; y1:t�1) p(yt | xt) p(xt+1 | xt) dxt
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Approximate inference in nonlinear dynamical systems 
with Gaussian noise

Many approximate inference methods:

- Extended Kalman Filter: linearize around the 

current posterior mean


- Unscented Kalman filter: approximate 
moments using sigma points


- Generalized Gaussian Filter: approximate 
moments using Gauss-Hermite quadrature


- Sequential Monte Carlo / particle filtering


- Markov chain Monte Carlo (MCMC)


- Variational Inference 

xt ∼ 𝒩( f(xt−1), Q)
yt ∼ 𝒩(g(xt), R)

https://github.com/probml/ssm-jax/tree/main/ssm_jax/extended_kalman_filter
https://github.com/probml/ssm-jax/tree/main/ssm_jax/unscented_kalman_filter
https://github.com/probml/ssm-jax/tree/main/ssm_jax/generalized_gaussian_filter


Sequential Monte Carlo (SMC)

Idea: approximate the messages with collection of weighted particles 

where the importance weights  are set based on the likelihood,  
transition, and proposal probabilities. 

(We’ll talk a lot more about SMC tomorrow!)

wi



Sequential Monte Carlo



MCMC with Block Gibbs Sampling

Continuous 
Latent States
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Given discrete states and parameters, the continuous states are easy to sample.
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xt xt+1. . . . . .x1 xT
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Given continuous states and parameters, the discrete states are easy to sample.



MCMC with Block Gibbs Sampling

Continuous 
Latent States

Observed
Neural Activity

(Differenced ∆F/F0)

Global 
Parameters

Discrete
Latent States

xt xt+1. . . . . .x1 xT

yTyt+1yty1

. . . . . . zTzt+1ztz1

⇥

Given continuous and discrete states, the parameters are easy to sample.



Variational Inference

�init
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p(z | y;⇥)
<latexit sha1_base64="DLES/X6Y5Qb7ntIkGfyMZ2eEH9Q=">AAACEnicbVBLSgNBFOyJvxh/UXHlpjEIcRNmRFBwE3TjMkJ+kAyhp/MmadLTPXT3BOKQW3gBt3oDd+LWC3gBz2HnszCJBQ+KqveoRwUxZ9q47reTWVvf2NzKbud2dvf2D/KHR3UtE0WhRiWXqhkQDZwJqBlmODRjBSQKODSCwf3EbwxBaSZF1Yxi8CPSEyxklBgrdfIncfEJt3tsCAKPbnG72gdDLjr5gltyp8CrxJuTApqj0sn/tLuSJhEIQznRuuW5sfFTogyjHMa5dqIhJnRAetCyVJAItJ9O3x/jc6t0cSiVHWHwVP17kZJI61EU2M2ImL5e9ibif14rMeGNnzIRJwYEnQWFCcdG4kkXuMsUUMNHlhCqmP0V0z5RhBrb2EJKZH2pxzlbjLdcwyqpX5Y8t+Q9XhXKd/OKsugUnaEi8tA1KqMHVEE1RFGKXtArenOenXfnw/mcrWac+c0xWoDz9Qs3D50H</latexit><latexit sha1_base64="DLES/X6Y5Qb7ntIkGfyMZ2eEH9Q=">AAACEnicbVBLSgNBFOyJvxh/UXHlpjEIcRNmRFBwE3TjMkJ+kAyhp/MmadLTPXT3BOKQW3gBt3oDd+LWC3gBz2HnszCJBQ+KqveoRwUxZ9q47reTWVvf2NzKbud2dvf2D/KHR3UtE0WhRiWXqhkQDZwJqBlmODRjBSQKODSCwf3EbwxBaSZF1Yxi8CPSEyxklBgrdfIncfEJt3tsCAKPbnG72gdDLjr5gltyp8CrxJuTApqj0sn/tLuSJhEIQznRuuW5sfFTogyjHMa5dqIhJnRAetCyVJAItJ9O3x/jc6t0cSiVHWHwVP17kZJI61EU2M2ImL5e9ibif14rMeGNnzIRJwYEnQWFCcdG4kkXuMsUUMNHlhCqmP0V0z5RhBrb2EJKZH2pxzlbjLdcwyqpX5Y8t+Q9XhXKd/OKsugUnaEi8tA1KqMHVEE1RFGKXtArenOenXfnw/mcrWac+c0xWoDz9Qs3D50H</latexit><latexit sha1_base64="DLES/X6Y5Qb7ntIkGfyMZ2eEH9Q=">AAACEnicbVBLSgNBFOyJvxh/UXHlpjEIcRNmRFBwE3TjMkJ+kAyhp/MmadLTPXT3BOKQW3gBt3oDd+LWC3gBz2HnszCJBQ+KqveoRwUxZ9q47reTWVvf2NzKbud2dvf2D/KHR3UtE0WhRiWXqhkQDZwJqBlmODRjBSQKODSCwf3EbwxBaSZF1Yxi8CPSEyxklBgrdfIncfEJt3tsCAKPbnG72gdDLjr5gltyp8CrxJuTApqj0sn/tLuSJhEIQznRuuW5sfFTogyjHMa5dqIhJnRAetCyVJAItJ9O3x/jc6t0cSiVHWHwVP17kZJI61EU2M2ImL5e9ibif14rMeGNnzIRJwYEnQWFCcdG4kkXuMsUUMNHlhCqmP0V0z5RhBrb2EJKZH2pxzlbjLdcwyqpX5Y8t+Q9XhXKd/OKsugUnaEi8tA1KqMHVEE1RFGKXtArenOenXfnw/mcrWac+c0xWoDz9Qs3D50H</latexit><latexit sha1_base64="DLES/X6Y5Qb7ntIkGfyMZ2eEH9Q=">AAACEnicbVBLSgNBFOyJvxh/UXHlpjEIcRNmRFBwE3TjMkJ+kAyhp/MmadLTPXT3BOKQW3gBt3oDd+LWC3gBz2HnszCJBQ+KqveoRwUxZ9q47reTWVvf2NzKbud2dvf2D/KHR3UtE0WhRiWXqhkQDZwJqBlmODRjBSQKODSCwf3EbwxBaSZF1Yxi8CPSEyxklBgrdfIncfEJt3tsCAKPbnG72gdDLjr5gltyp8CrxJuTApqj0sn/tLuSJhEIQznRuuW5sfFTogyjHMa5dqIhJnRAetCyVJAItJ9O3x/jc6t0cSiVHWHwVP17kZJI61EU2M2ImL5e9ibif14rMeGNnzIRJwYEnQWFCcdG4kkXuMsUUMNHlhCqmP0V0z5RhBrb2EJKZH2pxzlbjLdcwyqpX5Y8t+Q9XhXKd/OKsugUnaEi8tA1KqMHVEE1RFGKXtArenOenXfnw/mcrWac+c0xWoDz9Qs3D50H</latexit>Find an approximate posterior that minimizes the KL divergence

to the true posterior.

Blei, Kucukelbir, McAuliffe, JASA 2017.



�init
<latexit sha1_base64="EjFQumEhMcpeXQZTODZWbVCBpv8=">AAACE3icbVDLSsNAFJ34rPUVdeHCzWARXJVEBBVcFNy4rGBsoYllMpm0QyczYWYilJDf8Afc6h+4Erd+gD/gdzhNs7CtBy4czrmXe+8JU0aVdpxva2l5ZXVtvbZR39za3tm19/YflMgkJh4WTMhuiBRhlBNPU81IN5UEJSEjnXB0M/E7T0QqKvi9HqckSNCA05hipI3Utw99Zpoj9Jj7CdJDFeeUU10UfbvhNJ0ScJG4FWmACu2+/eNHAmcJ4RozpFTPdVId5Ehqihkp6n6mSIrwCA1Iz1COEqKCvHyggCdGiWAspCmuYan+nchRotQ4CU1neeW8NxH/83qZji8D81KaacLxdFGcMagFnKQBIyoJ1mxsCMKSmlshHiKJsDaZzWxJjC9UUTfBuPMxLBLvrHnVdO7OG63rKqEaOALH4BS44AK0wC1oAw9gUIAX8ArerGfr3fqwPqetS1Y1cwBmYH39AgPxn3A=</latexit><latexit sha1_base64="EjFQumEhMcpeXQZTODZWbVCBpv8=">AAACE3icbVDLSsNAFJ34rPUVdeHCzWARXJVEBBVcFNy4rGBsoYllMpm0QyczYWYilJDf8Afc6h+4Erd+gD/gdzhNs7CtBy4czrmXe+8JU0aVdpxva2l5ZXVtvbZR39za3tm19/YflMgkJh4WTMhuiBRhlBNPU81IN5UEJSEjnXB0M/E7T0QqKvi9HqckSNCA05hipI3Utw99Zpoj9Jj7CdJDFeeUU10UfbvhNJ0ScJG4FWmACu2+/eNHAmcJ4RozpFTPdVId5Ehqihkp6n6mSIrwCA1Iz1COEqKCvHyggCdGiWAspCmuYan+nchRotQ4CU1neeW8NxH/83qZji8D81KaacLxdFGcMagFnKQBIyoJ1mxsCMKSmlshHiKJsDaZzWxJjC9UUTfBuPMxLBLvrHnVdO7OG63rKqEaOALH4BS44AK0wC1oAw9gUIAX8ArerGfr3fqwPqetS1Y1cwBmYH39AgPxn3A=</latexit><latexit sha1_base64="EjFQumEhMcpeXQZTODZWbVCBpv8=">AAACE3icbVDLSsNAFJ34rPUVdeHCzWARXJVEBBVcFNy4rGBsoYllMpm0QyczYWYilJDf8Afc6h+4Erd+gD/gdzhNs7CtBy4czrmXe+8JU0aVdpxva2l5ZXVtvbZR39za3tm19/YflMgkJh4WTMhuiBRhlBNPU81IN5UEJSEjnXB0M/E7T0QqKvi9HqckSNCA05hipI3Utw99Zpoj9Jj7CdJDFeeUU10UfbvhNJ0ScJG4FWmACu2+/eNHAmcJ4RozpFTPdVId5Ehqihkp6n6mSIrwCA1Iz1COEqKCvHyggCdGiWAspCmuYan+nchRotQ4CU1neeW8NxH/83qZji8D81KaacLxdFGcMagFnKQBIyoJ1mxsCMKSmlshHiKJsDaZzWxJjC9UUTfBuPMxLBLvrHnVdO7OG63rKqEaOALH4BS44AK0wC1oAw9gUIAX8ArerGfr3fqwPqetS1Y1cwBmYH39AgPxn3A=</latexit>

�?
<latexit sha1_base64="vDbRwkt/oRJqE97svB6vWmxDFSo=">AAACC3icbVDLSsNAFJ34rPXRqEs3g0VwVRIRVHBRcOOygrGFNpbJZNIOnUeYmQgl5Bf8Abf6B67ErR/hD/gdTtssbOuBC4dzzuVeTpQyqo3nfTsrq2vrG5uVrer2zu5ezd0/eNAyU5gEWDKpOhHShFFBAkMNI51UEcQjRtrR6Gbit5+I0lSKezNOScjRQNCEYmSs1HdrPWbDMXrMe9ogVfTdutfwpoDLxC9JHZRo9d2fXixxxokwmCGtu76XmjBHylDMSFHtZZqkCI/QgHQtFYgTHebTxwt4YpUYJlLZEQZO1b8bOeJaj3lkkxyZoV70JuJ/XjczyWWYU5Fmhgg8O5RkDBoJJy3AmCqCDRtbgrCi9leIh0ghbGxXc1e49aUuqrYYf7GGZRKcNa4a3t15vXldNlQBR+AYnAIfXIAmuAUtEAAMMvACXsGb8+y8Ox/O5yy64pQ7h2AOztcvHmmbqw==</latexit><latexit sha1_base64="vDbRwkt/oRJqE97svB6vWmxDFSo=">AAACC3icbVDLSsNAFJ34rPXRqEs3g0VwVRIRVHBRcOOygrGFNpbJZNIOnUeYmQgl5Bf8Abf6B67ErR/hD/gdTtssbOuBC4dzzuVeTpQyqo3nfTsrq2vrG5uVrer2zu5ezd0/eNAyU5gEWDKpOhHShFFBAkMNI51UEcQjRtrR6Gbit5+I0lSKezNOScjRQNCEYmSs1HdrPWbDMXrMe9ogVfTdutfwpoDLxC9JHZRo9d2fXixxxokwmCGtu76XmjBHylDMSFHtZZqkCI/QgHQtFYgTHebTxwt4YpUYJlLZEQZO1b8bOeJaj3lkkxyZoV70JuJ/XjczyWWYU5Fmhgg8O5RkDBoJJy3AmCqCDRtbgrCi9leIh0ghbGxXc1e49aUuqrYYf7GGZRKcNa4a3t15vXldNlQBR+AYnAIfXIAmuAUtEAAMMvACXsGb8+y8Ox/O5yy64pQ7h2AOztcvHmmbqw==</latexit><latexit sha1_base64="vDbRwkt/oRJqE97svB6vWmxDFSo=">AAACC3icbVDLSsNAFJ34rPXRqEs3g0VwVRIRVHBRcOOygrGFNpbJZNIOnUeYmQgl5Bf8Abf6B67ErR/hD/gdTtssbOuBC4dzzuVeTpQyqo3nfTsrq2vrG5uVrer2zu5ezd0/eNAyU5gEWDKpOhHShFFBAkMNI51UEcQjRtrR6Gbit5+I0lSKezNOScjRQNCEYmSs1HdrPWbDMXrMe9ogVfTdutfwpoDLxC9JHZRo9d2fXixxxokwmCGtu76XmjBHylDMSFHtZZqkCI/QgHQtFYgTHebTxwt4YpUYJlLZEQZO1b8bOeJaj3lkkxyZoV70JuJ/XjczyWWYU5Fmhgg8O5RkDBoJJy3AmCqCDRtbgrCi9leIh0ghbGxXc1e49aUuqrYYf7GGZRKcNa4a3t15vXldNlQBR+AYnAIfXIAmuAUtEAAMMvACXsGb8+y8Ox/O5yy64pQ7h2AOztcvHmmbqw==</latexit>

q(z;�)
<latexit sha1_base64="L/0IzAvtkLn/XBfJAxSbtbjexjQ=">AAACCHicbVBLSgNBFHwTfzH+oi7dNAYhbsKMCApugm5cRjCJkAyhp6cnadI9PenuEWLIBbyAW72BO3HrLbyA57CTzMIkFjwoqurxHhUknGnjut9ObmV1bX0jv1nY2t7Z3SvuHzS0TBWhdSK5VA8B1pSzmNYNM5w+JIpiEXDaDPo3E7/5SJVmMr43w4T6AndjFjGCjZX8QfnpCrW5zYf4tFMsuRV3CrRMvIyUIEOtU/xph5KkgsaGcKx1y3MT44+wMoxwOi60U00TTPq4S1uWxlhQ7Y+mT4/RiVVCFEllJzZoqv7dGGGh9VAENimw6elFbyL+57VSE136IxYnqaExmR2KUo6MRJMGUMgUJYYPLcFEMfsrIj2sMDG2p7krwvpSjwu2GG+xhmXSOKt4bsW7Oy9Vr7OK8nAEx1AGDy6gCrdQgzoQGMALvMKb8+y8Ox/O5yyac7KdQ5iD8/ULAD2ZxA==</latexit><latexit sha1_base64="L/0IzAvtkLn/XBfJAxSbtbjexjQ=">AAACCHicbVBLSgNBFHwTfzH+oi7dNAYhbsKMCApugm5cRjCJkAyhp6cnadI9PenuEWLIBbyAW72BO3HrLbyA57CTzMIkFjwoqurxHhUknGnjut9ObmV1bX0jv1nY2t7Z3SvuHzS0TBWhdSK5VA8B1pSzmNYNM5w+JIpiEXDaDPo3E7/5SJVmMr43w4T6AndjFjGCjZX8QfnpCrW5zYf4tFMsuRV3CrRMvIyUIEOtU/xph5KkgsaGcKx1y3MT44+wMoxwOi60U00TTPq4S1uWxlhQ7Y+mT4/RiVVCFEllJzZoqv7dGGGh9VAENimw6elFbyL+57VSE136IxYnqaExmR2KUo6MRJMGUMgUJYYPLcFEMfsrIj2sMDG2p7krwvpSjwu2GG+xhmXSOKt4bsW7Oy9Vr7OK8nAEx1AGDy6gCrdQgzoQGMALvMKb8+y8Ox/O5yyac7KdQ5iD8/ULAD2ZxA==</latexit><latexit sha1_base64="L/0IzAvtkLn/XBfJAxSbtbjexjQ=">AAACCHicbVBLSgNBFHwTfzH+oi7dNAYhbsKMCApugm5cRjCJkAyhp6cnadI9PenuEWLIBbyAW72BO3HrLbyA57CTzMIkFjwoqurxHhUknGnjut9ObmV1bX0jv1nY2t7Z3SvuHzS0TBWhdSK5VA8B1pSzmNYNM5w+JIpiEXDaDPo3E7/5SJVmMr43w4T6AndjFjGCjZX8QfnpCrW5zYf4tFMsuRV3CrRMvIyUIEOtU/xph5KkgsaGcKx1y3MT44+wMoxwOi60U00TTPq4S1uWxlhQ7Y+mT4/RiVVCFEllJzZoqv7dGGGh9VAENimw6elFbyL+57VSE136IxYnqaExmR2KUo6MRJMGUMgUJYYPLcFEMfsrIj2sMDG2p7krwvpSjwu2GG+xhmXSOKt4bsW7Oy9Vr7OK8nAEx1AGDy6gCrdQgzoQGMALvMKb8+y8Ox/O5yyac7KdQ5iD8/ULAD2ZxA==</latexit><latexit sha1_base64="L/0IzAvtkLn/XBfJAxSbtbjexjQ=">AAACCHicbVBLSgNBFHwTfzH+oi7dNAYhbsKMCApugm5cRjCJkAyhp6cnadI9PenuEWLIBbyAW72BO3HrLbyA57CTzMIkFjwoqurxHhUknGnjut9ObmV1bX0jv1nY2t7Z3SvuHzS0TBWhdSK5VA8B1pSzmNYNM5w+JIpiEXDaDPo3E7/5SJVmMr43w4T6AndjFjGCjZX8QfnpCrW5zYf4tFMsuRV3CrRMvIyUIEOtU/xph5KkgsaGcKx1y3MT44+wMoxwOi60U00TTPq4S1uWxlhQ7Y+mT4/RiVVCFEllJzZoqv7dGGGh9VAENimw6elFbyL+57VSE136IxYnqaExmR2KUo6MRJMGUMgUJYYPLcFEMfsrIj2sMDG2p7krwvpSjwu2GG+xhmXSOKt4bsW7Oy9Vr7OK8nAEx1AGDy6gCrdQgzoQGMALvMKb8+y8Ox/O5yyac7KdQ5iD8/ULAD2ZxA==</latexit>

p(z | y;⇥)
<latexit sha1_base64="DLES/X6Y5Qb7ntIkGfyMZ2eEH9Q=">AAACEnicbVBLSgNBFOyJvxh/UXHlpjEIcRNmRFBwE3TjMkJ+kAyhp/MmadLTPXT3BOKQW3gBt3oDd+LWC3gBz2HnszCJBQ+KqveoRwUxZ9q47reTWVvf2NzKbud2dvf2D/KHR3UtE0WhRiWXqhkQDZwJqBlmODRjBSQKODSCwf3EbwxBaSZF1Yxi8CPSEyxklBgrdfIncfEJt3tsCAKPbnG72gdDLjr5gltyp8CrxJuTApqj0sn/tLuSJhEIQznRuuW5sfFTogyjHMa5dqIhJnRAetCyVJAItJ9O3x/jc6t0cSiVHWHwVP17kZJI61EU2M2ImL5e9ibif14rMeGNnzIRJwYEnQWFCcdG4kkXuMsUUMNHlhCqmP0V0z5RhBrb2EJKZH2pxzlbjLdcwyqpX5Y8t+Q9XhXKd/OKsugUnaEi8tA1KqMHVEE1RFGKXtArenOenXfnw/mcrWac+c0xWoDz9Qs3D50H</latexit><latexit sha1_base64="DLES/X6Y5Qb7ntIkGfyMZ2eEH9Q=">AAACEnicbVBLSgNBFOyJvxh/UXHlpjEIcRNmRFBwE3TjMkJ+kAyhp/MmadLTPXT3BOKQW3gBt3oDd+LWC3gBz2HnszCJBQ+KqveoRwUxZ9q47reTWVvf2NzKbud2dvf2D/KHR3UtE0WhRiWXqhkQDZwJqBlmODRjBSQKODSCwf3EbwxBaSZF1Yxi8CPSEyxklBgrdfIncfEJt3tsCAKPbnG72gdDLjr5gltyp8CrxJuTApqj0sn/tLuSJhEIQznRuuW5sfFTogyjHMa5dqIhJnRAetCyVJAItJ9O3x/jc6t0cSiVHWHwVP17kZJI61EU2M2ImL5e9ibif14rMeGNnzIRJwYEnQWFCcdG4kkXuMsUUMNHlhCqmP0V0z5RhBrb2EJKZH2pxzlbjLdcwyqpX5Y8t+Q9XhXKd/OKsugUnaEi8tA1KqMHVEE1RFGKXtArenOenXfnw/mcrWac+c0xWoDz9Qs3D50H</latexit><latexit sha1_base64="DLES/X6Y5Qb7ntIkGfyMZ2eEH9Q=">AAACEnicbVBLSgNBFOyJvxh/UXHlpjEIcRNmRFBwE3TjMkJ+kAyhp/MmadLTPXT3BOKQW3gBt3oDd+LWC3gBz2HnszCJBQ+KqveoRwUxZ9q47reTWVvf2NzKbud2dvf2D/KHR3UtE0WhRiWXqhkQDZwJqBlmODRjBSQKODSCwf3EbwxBaSZF1Yxi8CPSEyxklBgrdfIncfEJt3tsCAKPbnG72gdDLjr5gltyp8CrxJuTApqj0sn/tLuSJhEIQznRuuW5sfFTogyjHMa5dqIhJnRAetCyVJAItJ9O3x/jc6t0cSiVHWHwVP17kZJI61EU2M2ImL5e9ibif14rMeGNnzIRJwYEnQWFCcdG4kkXuMsUUMNHlhCqmP0V0z5RhBrb2EJKZH2pxzlbjLdcwyqpX5Y8t+Q9XhXKd/OKsugUnaEi8tA1KqMHVEE1RFGKXtArenOenXfnw/mcrWac+c0xWoDz9Qs3D50H</latexit><latexit sha1_base64="DLES/X6Y5Qb7ntIkGfyMZ2eEH9Q=">AAACEnicbVBLSgNBFOyJvxh/UXHlpjEIcRNmRFBwE3TjMkJ+kAyhp/MmadLTPXT3BOKQW3gBt3oDd+LWC3gBz2HnszCJBQ+KqveoRwUxZ9q47reTWVvf2NzKbud2dvf2D/KHR3UtE0WhRiWXqhkQDZwJqBlmODRjBSQKODSCwf3EbwxBaSZF1Yxi8CPSEyxklBgrdfIncfEJt3tsCAKPbnG72gdDLjr5gltyp8CrxJuTApqj0sn/tLuSJhEIQznRuuW5sfFTogyjHMa5dqIhJnRAetCyVJAItJ9O3x/jc6t0cSiVHWHwVP17kZJI61EU2M2ImL5e9ibif14rMeGNnzIRJwYEnQWFCcdG4kkXuMsUUMNHlhCqmP0V0z5RhBrb2EJKZH2pxzlbjLdcwyqpX5Y8t+Q9XhXKd/OKsugUnaEi8tA1KqMHVEE1RFGKXtArenOenXfnw/mcrWac+c0xWoDz9Qs3D50H</latexit>Find an approximate posterior that minimizes the KL divergence

to the true posterior.

Minimizing KL is equivalent to maximizing the ELBO:

Blei, Kucukelbir, McAuliffe, JASA 2017.

L(�) = Eq(z;�) [log p(z, y;⇥)� log q(z;�)]  log p(y;⇥)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Variational Inference



�init
<latexit sha1_base64="EjFQumEhMcpeXQZTODZWbVCBpv8=">AAACE3icbVDLSsNAFJ34rPUVdeHCzWARXJVEBBVcFNy4rGBsoYllMpm0QyczYWYilJDf8Afc6h+4Erd+gD/gdzhNs7CtBy4czrmXe+8JU0aVdpxva2l5ZXVtvbZR39za3tm19/YflMgkJh4WTMhuiBRhlBNPU81IN5UEJSEjnXB0M/E7T0QqKvi9HqckSNCA05hipI3Utw99Zpoj9Jj7CdJDFeeUU10UfbvhNJ0ScJG4FWmACu2+/eNHAmcJ4RozpFTPdVId5Ehqihkp6n6mSIrwCA1Iz1COEqKCvHyggCdGiWAspCmuYan+nchRotQ4CU1neeW8NxH/83qZji8D81KaacLxdFGcMagFnKQBIyoJ1mxsCMKSmlshHiKJsDaZzWxJjC9UUTfBuPMxLBLvrHnVdO7OG63rKqEaOALH4BS44AK0wC1oAw9gUIAX8ArerGfr3fqwPqetS1Y1cwBmYH39AgPxn3A=</latexit><latexit sha1_base64="EjFQumEhMcpeXQZTODZWbVCBpv8=">AAACE3icbVDLSsNAFJ34rPUVdeHCzWARXJVEBBVcFNy4rGBsoYllMpm0QyczYWYilJDf8Afc6h+4Erd+gD/gdzhNs7CtBy4czrmXe+8JU0aVdpxva2l5ZXVtvbZR39za3tm19/YflMgkJh4WTMhuiBRhlBNPU81IN5UEJSEjnXB0M/E7T0QqKvi9HqckSNCA05hipI3Utw99Zpoj9Jj7CdJDFeeUU10UfbvhNJ0ScJG4FWmACu2+/eNHAmcJ4RozpFTPdVId5Ehqihkp6n6mSIrwCA1Iz1COEqKCvHyggCdGiWAspCmuYan+nchRotQ4CU1neeW8NxH/83qZji8D81KaacLxdFGcMagFnKQBIyoJ1mxsCMKSmlshHiKJsDaZzWxJjC9UUTfBuPMxLBLvrHnVdO7OG63rKqEaOALH4BS44AK0wC1oAw9gUIAX8ArerGfr3fqwPqetS1Y1cwBmYH39AgPxn3A=</latexit><latexit sha1_base64="EjFQumEhMcpeXQZTODZWbVCBpv8=">AAACE3icbVDLSsNAFJ34rPUVdeHCzWARXJVEBBVcFNy4rGBsoYllMpm0QyczYWYilJDf8Afc6h+4Erd+gD/gdzhNs7CtBy4czrmXe+8JU0aVdpxva2l5ZXVtvbZR39za3tm19/YflMgkJh4WTMhuiBRhlBNPU81IN5UEJSEjnXB0M/E7T0QqKvi9HqckSNCA05hipI3Utw99Zpoj9Jj7CdJDFeeUU10UfbvhNJ0ScJG4FWmACu2+/eNHAmcJ4RozpFTPdVId5Ehqihkp6n6mSIrwCA1Iz1COEqKCvHyggCdGiWAspCmuYan+nchRotQ4CU1neeW8NxH/83qZji8D81KaacLxdFGcMagFnKQBIyoJ1mxsCMKSmlshHiKJsDaZzWxJjC9UUTfBuPMxLBLvrHnVdO7OG63rKqEaOALH4BS44AK0wC1oAw9gUIAX8ArerGfr3fqwPqetS1Y1cwBmYH39AgPxn3A=</latexit>
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to the true posterior.

Minimizing KL is equivalent to maximizing the ELBO:

We can maximize the ELBO with (stochastic) gradient ascent, 
natural (preconditioned) gradient ascent, coordinate ascent, and 
combinations thereof.

More on this in Part 2!

Blei, Kucukelbir, McAuliffe, JASA 2017.

L(�) = Eq(z;�) [log p(z, y;⇥)� log q(z;�)]  log p(y;⇥)
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Variational Inference



Learning with Expectation-Maximization
‣ Idea: iteratively maximize the marginal likelihood via a 

minorize-maximization (MM) algorithm. 

‣ E step: Minorize the marginal log likelihood with 
Jensen’s inequality:

‣ M step: Update parameters by maximizing the bound:

‣ Equivalently, this is coordinate ascent on parameters 
and the space of posterior distributions.

‣ We often substitute approximate posteriors in the 
minorization step, though we sacrifice some guarantees 
in doing so.

log p(y;⇥) � Ep(z|y;⇥m) [log p(z, y;⇥)� log p(z | y;⇥m)]

, L(⇥;⇥m).
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⇥m+1  argmax
⇥

L(⇥;⇥m).
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https://probml.github.io/dynamax/index.html 
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Further Reading

https://probml.github.io/book2 https://users.aalto.fi/~ssarkka/pub/cup_book_online_20131111.pdf
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Laplace Approximation

Graphics adapted from MacKay (2003, Ch 27) 

P ⇤(x) = p(x, y)

ZP =

Z
P ⇤(x) dx = p(y)
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1.View the joint as an 
unnormalized density on 
latent variables.

2. Find the mode.
x⇤ = argmaxP ⇤(x)
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3. Form a 2nd order 
Taylor approximation
around the mode.

lnQ⇤(x) = lnP ⇤(x⇤)� 1

2
(x� x⇤)TA(x� x⇤)

A = �r2 lnP ⇤(x)
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4. Exponentiate to get an
unnormalized Gaussian.
Compute its normalization 
constant.

ZP ⇡ ZQ = P ⇤(x⇤)(2⇡)
D
2 |A|�

1
2
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